3.

Homework 1 Solution

E[X] = /Oooxfx(ac)dx
/Oaxfx(:v)d:c—l—/aooxfx(x)da:
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/ xfx(x)dr note that X >0

a/oo fx (z)dz!
aPC;{X > a}
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Therefore,
E [X]

E[X]>aPr{X >a} = Pr{X >a} < u

. Suppose we define a new random variable Y = (X — p)?, thus Y > 0. Subsequently, applying the

Markov inequality assuming a = k%02 we get

Pr{Y > k%0?} < IEQ[};J
E[(X - p)?]
Pr{(X —p)* > K0’} < g

By definition E [(X — ,u)2] = 02, Also taking the square root for both sides of the inequality inside
the probability, we obtain the required result

1
PLX — il = ko} <

(a) Let Y = L5 | X;, then
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(b) Let Z = aY + b, where Y is the random variable from (a) above.

E[Z]=E[aY +b)=aE[Y]+b=au+b

Var[Z] = E [(Z — (ap + b))2]
= E [(aY—l—b—a,u—b)ﬂ

= @E|(v - p)’]

(c) Let Y = 13" X, then using Chebyshev’s inequality we get,
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Recall that E[Y] = p and Var [Y] = 02 /n. Next, let
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Substituting, in the above equation we get
1 — o?
Pr¢|— —ul > ep < —
{ n ; Bl = } ~ ne?

which clearly goes to 0 as n — oc.



4. (a) Binomial Distribution: Let {Y;} be the sequence of iid random variables

{ 1 with probability p
Yi —

0 with probability (1 — p) i=1-n

Note that E[Y] = p and Var [Y] = (1 — p)?p + p*(1 — p) = (1 — p)p. Then, we can rewrite X as

X:EH:Y;
i=1

Therefore,
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Var [X] = Var

(b) Geometric Distribution: Let ¢ = 1 — p,

E[X] = > np.= an(l —p)
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(XY = Y =3 wn(1-)
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Next, we can easily obtain the variance

Var[X] =B [x?) - B[X]) = L - = =

(¢) Uniform distribution
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Therefore, the variance of X is given by,

Var[X] = E[X?] - (E[X])’
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(d) Exponential distribution:
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Thus, the variance of X is given by

Var[X] =E [X?] ~ (EX])* = 35~ 13 = 3

5. Assume that X and Y are continuous random variable and let fy|y (z|y) be the conditional density of



X given Y. Then,

BEXY] - [ h / " whxiy (aly)defy (4)dy

/ / zfxy (zly) fy (y)dzdy Note: fy(y) is independent of =

/_O; /_O; zfxy (x,y)drdy
/—o:o /_O; zfxy (z,y)dydx

= [ xfx(z)de
= E[X]

A similar proof also holds for the discrete random variable case, but rather than integrating we use a
summation.



