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From the Continuous Fourier to the Discrete-time Fourier Transform

h(t) H(f)
A2
A AN il
T ! " a4l 4 T
! ™ T

IR

™ ™

2006 Copyright (¢) 2006 Andreas Spanias 7-2




From the Continuous Fourier to the Discrete-time Fourier Transform

The frequency domain representation of continuous signals is given by

o0

X (@)= [x(t)e ™ dt

— 0

If we consider a sampled signal x(7), that is

x, (1) = ix(nT)5(t —nT)

n=—00
then its F.T. is

X (o) = O]‘ i x(nT )6 (t — nT Ye '*'dt

n=-w
o0
_ —jonT
X, (w) = Z x(nT)e
n=—ao
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The Discrete-Time Fourier Transform

The F.T can be also written as

o0

X (o) = Z x(nT)e ’'*""

Note that Xs(a)+a)s) = Xs(a))
By defining Q=wT =2xfT =2rx L

I

and omitting the symbol T and the subscript s one can write
o0

X(ejQ) = Z x(n)e_j’”Q

which is known as the Discrete-time Fourier Transform of x(»).
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The Inverse Discrete-time Fourier Transform

The Inverse DTFT is

(1) =—— [x (e da
27 -

A DTFT pair is denoted as
x(n) <> X(e™)

Unlike the CFT the DTFT is a periodic complex function with
period 27z . The DTFT is a linear transformation and has
properties similar to those of F.T.
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Relation to the Z-transform

For zZ = eJQ

0

X(z)= 2 x(m)z" — X()= D x(n)e

n=-—o
n=—0o

H(z) = Zw: h(n)z " —> H(e’?)= ih(n)ej”g

n=-—0o N =—00
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Selected Properties of the DTFT

Linearity: oax(n)+ ﬂy(n) <~ aX(ejQ )+ IBY(ejQ)

Shifting: x(ntm)e eiijX(ejQ)

Time Convolution: x(n)l* {y(n)} o X (ej “ )Y (ejQ)

Freq. Convolution: {x(n)}{Y(n)} <~ i X(ejQ) * Y(ejQ)

0 V4
> 1 0|2
Parseval’s Theorem: Z‘x(n)‘ =— ﬂX(ejQ )‘ dQ
e 27 =
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The DTFT of a finite sequence

then
Nl ) [ — Ve
X(ejg)_;)ejg—l ei]g
X(e)=e /2 %(2/2)
sin@/2)

Remark: The sin(.)/sin(.) function is known as a digital sinc
or a Dirichlet function.
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The DTFT of a finite sequence (Cont.)

1..... ,0<n <7
x(n) = 0..... ,elsewhere
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The DTFT of a finite sequence (Cont.)
I..... ,0<n <15
xX(n —
(n) 0..... ,elsewhere
0 0‘.5 “1 1‘.5 2 2‘.5 I; 35
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