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» Zxediaopog DiAtpou
»  KaBopifovTal Ta xapakTnpIioTIKA ;
(specifications) Ha(j) = { H(el?T), Q| <n/T,
+ YtrolAoyigeTal, Katd Tpooéyyion, 0, 12 >n=/T.
éva oTaBepo Kal AITIOTO PIATPO

S10KpPITOU Xpovou (ovopalovral w=QT
Kal ynelaka @iAtpa — digital '
filters) . w
+ To QiATPO TIPaYHATOTIOIETN (e H(e') = Heqr (i—f.) , lw| <.

UAIKS 1) AoyIGUIKO)

* ZTOV YNQPIOKO KOO0 T QIATpa
Oev gival aroAUTWG avaykaio va
gival aimioard!

* MNa eme§epyaoia avaloyikwv
PYNPIOTTOINHEVWY CHNHATWY

*  KaBopiopdg @iATpou Kai oTIg
OUXVOTNTEG OUVEXOUG XPOVOU
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IH g fE2)
1+8;
Determini Specifications
mﬂrﬂﬂa—‘ﬂm Hmrn' 1-8, 1
Consider a discrete-time filter that is to be used to k il ‘:
nal using the basic configuration of Figure 7.1, Spenﬂﬁllr we wanl the mrall mum H
“';\u":gﬂl“ 1o have the following properties when the ing rate is 104 Passhand i Transition Stopband
T= ¥ ovn | peTaBaTiki Zovn
L The gain | Heyl j£2)| should be within £0.01 of unity in the frequency band BiEAeuong i Zwvn ATTOKOTIAG
0 = §& = 2x{2000). i
2. The gainshould be nogr han 0,001 in th band 27 (3000) < 2. 5, 1 y
0 0 a, T 0
5 =001, T
8 = 0.001, 1H (el
2, = 2x(2000), L+,
0, = 2 (3000). T
1-8,
\
\
Since the sampling rate is 10° samples’s, the gain of the overall system is iden- \\
tically zero above 0 = 2x(5000), due 1o the ideal discrete-to-continuous (EVC) con- Passband | Transition Stopband
wverter in Figure 7.1,
A
A
s \
: S - -
0 Wi, oy v oW
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* Zxed10opo6g Wneiakwyv PiATpwyv h[n] = Tyh(nTy),
Atreipng KpouoTiking Amokpiong (IIR - -
Infinite Impulse Response) amwo H(e™) = Z H, ( +i= ) )
AvrtioToixa Zuvexoug Xpovou Pt T,
*  YTApXouv TTOAAEG TEXVIKEG VIO
oxedIaouo QIATPpWY ouvexoug Xpovou
TTOU PTTOPOUNE VA TIG EKMETAAAEUTOUUE Av
H(j) = 12| = m/Ta,
« Ixediaopuég @iAtpwy IR pe Baon Tnv Tore 5
aPETOBANTOTNTA TNG KPOUCTIKNAG H(e!") = H, (;—) L el
atokpiong (impulse invariance) L

* Otav 10 oAU €XEl TIETTEPACUEVO PATHA
(band limited) = KpouaoTIKR aTTokpIon
aTTé YN@IOTTOiNGN TNG OUVEXOUG
KPOUOTIKNG OTTOKPIONG

* T[lpétrel va atro@elyeTal aAAoiwon Tou
@iATpou atrd avaditTAwan (aliasing)
*  YuvnBwg oxediddoupe QiIATpou ouvexoUg
XPOVOU PE QUOTNPOTEPEG TTPOBIAYPAPES
aTrod OTI XPEIGETal

(i)

* Agv ptropei va xpnaipotroinBei yia @iAtpa
un-tremrepacpévou (non-bandlimited)
@PACOUATOG
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» 2xeS100M0G @iATpwV IIR pe Bdon
TNV APETABANTOTNTA THG
KPOUOTIKAG atroKpiong (impulse
invariance)

AV 10 QIATPO TUVEXOUG XPOVOU EIVOI o T4Te TO GIATPO BIGKPITOU XPOVOU

N gival
Ae YA
H,(S) i 5 H(z) = 4_{__&_
i @=3 =
* [l6MNoi oTO § = Sk + MoéAoioTo 2k = %™

N
Age™, 120,
het) = § *

0, t <0.

N
h[n] = T:ih,:(ﬂTd) = Z nAKJMDH{nl
k=1

N
= Z nAg(e'* 1':*)RIJ[IE].

k=1
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Example 7.2 Impulse Invariance with a Butterworth Filter IH el 02
Let us consider the design of a lowpass discrete-time filter by applying impulse invari- 146
ance 10 an appropriate Butterworth ime filier.? The specifications for the 9
discrete-time filter are 1-5,
]
089125 < |H(e™) <1, 0 <] <021, (7.13a) i
Hie™)| = 0.17783, 03x < |wl < 7.13h)
He) = T slelsn { y Passhand | Transition Stopband
Jwvn | ueTaBaTikn Jwvn
Mia kai n Td oo TéAog amalsigeTal prropolpe va emiAéoupe Td =1 BiEheuong | ovn CUCLCLGS
w=Q. 82—
2 ! ;
0.89125 < |H.(jQ) <1, 0=<(Q <02n, 0 0, 0, TL [
|H(jS2)| < 0.17783, 03r < |9 <.
To @iAtpo Butterworth eivai
con 2 1
|H A = W ' To N mpéTel va gival aképaiog
3
; N=6, € =07032.
|He(j0.27)| > 0.89125
Me 1o N=6 Ta XapakTnpIoTIKG TnG Jwvng SiEAeuong gival akpiBwg
Mpétrel va AUGOUpE TIG E§ICWOEIG TA AVOPEVOUEVA, VM Ta UTTEPRAiVOUNE OTN JWVN ATTOKOTIAG
IN 2
1 02mx 1
+ Q = 0.89125 N = 5.8858 Twpa TpéTrel va BpoUpe TOug TTOAOUG TOU GIATPOU ...
N 2 Q. = 0.70474.
14+ 03 _ 1 N
Q. =\ 017783
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Example 7.2 Impulse Invariance with a Butterworth Filter IH el 02
Let us consider the design of a lowpass discrete-time filter by applying impulse invari- 146
ance 10 an appropriate Butterworth i ime filier.? The specifications for the 9
discrete-time filter are 1-5, .
089125 < |H(e™) <1, 0 <] <021, (7.13a) 1
Hie*) = 017783, 037 = lal < 7. 7.13b |
He) = T slelsn { y Passhand | Transition Stopband
Jwvn | ueTaBaTikn Jwvn
Twpa wpémel va Bpolps Toug TTOAOUG TOu QIATPOU ... BiEheuong govn CUCLCULS
1 & '
IHP = -y - L
‘ 1+ (/)N 0 0, O, )
T
H () (=) = [H )] =|H (),
H (5)H (-5) =—— g
ASHT (=5)= = I T s-plane
‘ 1+ (S .-"_'fﬂ )'N Ma va gival To cUCTNUA AITIATO TTAIPVOULE h_' T Fplanc
¢ TOUG TTOAOUG OTO APIOTEPA PEPOG Y " ml'
. 2N T Bi
1+(SfJQ(} =0 ou Trediou z
" Pole pair 1: —0.182 + j(0.679).
= mn? Pole pair 22 —0.497 + j{0.497),
Pole pair 3: —0.679 + j{0.182).
J_E.l’—l - j{lv 2k-1 - e
5, = jQe ¥ T Qe W
Q. = 0.7032.
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Example 7.2 Impulse Invariance with a Butterworth Filter IH el 02
Let us consider the design of a lowpass discrete-time filter by applying impulse invari- 146
ance 10 an appropriate Butterworth i ime filier.? The specifications for the 9
discrete-time filter are 1-5, .
089125 < |H(e™) <1, 0 <] <021, (7.13a) i
Hie*) = 017783, 037 = lal < 7. 7.13b |
He) = T slelsn { y Passhand | Transition Stopband
Jwvn | neTaBaTikn Jwvn
SiEheuong | govn ATTOKOTTAG
Twpa Tpémel va BpoUpe TNV e§icwaon Tou @iATpou ... Py
2 ! ;
K, !
A= 0 0 0, 0, AT
H(s) =t — , -
1_[ (s=5;)

k=1
|H Gy, =1 ie [Ho(s)),., =1

1 2k-1
T I
|s‘|= e W =0

) 3
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Example 7.2 Impulse Invariance with a Butterworth Filter IH el 02
Let us consider the design of a lowpass discrete-time filter by applying impulse invari- 146
ance 10 an appropriate Butterworth i ime filier.? The specifications for the 9
discrete-time filter are 1-5, .
089125 = |H(e™) =1, 0= |l <027, (7.13a) H
He) = 07783, 037 <lol < s Passhand Transition Stopband
Jwvn | ueTaBaTikn Jwvn
SiEheuong | Jovn ATTOKOTTAG
K 0 0 Q ]
Hr (-\) =% . " ' T
1_[ (s=5;)
k=1
H.(5) 0.12093
0T (57 4+ 0.3640s + 0.4945)(s7 + 0.9945s + 0.4945)(s2 + 1.3585s + 0.4945)
Ze=enT
H(z) = 0.2871 — 0.4466"! —2.1428 4 1.1455z7! 1.8557 — 0.6303z7!
T1-12971z77 +0.694922 71— 1.0691z71 +0.3699z-2 109972771 40257022
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Example 7.2 Impuise Invariance with a Butterworth Filter 1H g )1
Let us consider the design of a lowpass discrete-time filter by applying impulse invari- 146
ance 10 an appropriate Butterworth i ime filier.? The specifications for the 9
discrete-time filter are 1-5,
]
089125 = |H(e™) =1, 0= |l <027, (7.13a)
|H(e™)| = 0.17783, 037 = lwl = 7. (7.13b) )
“ Passhand | Transition Stopband
Jwvn | neTaBaTikn Jwvn
SiEheuong | govn ATTOKOTIAG
: o
-m 0 a, i,
—nt
® —6 -
12
0
0
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o 0lw dw b 05w " M
Radian frequency (u) T
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< ek
Figure 7.5 Frequancy response of sixth-ordar Butterworth filter transformed by
L L L
o 02w

L impulse invarfance, (a) Log magnitude in dB. (b) Magnituds, (c) Group delay.
Dom
Radian frequency (wh

(L]
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* Zxed100MOG QiATpwV IIR pe
SIYPAUMIKO HETAOXNMATIOUO
(bilinear transformation)

* AtrogeuyeTal n avadiTAwaon
(aliasing)

*  MeTaoxnuatiopég Tou dgovag jQ
oTo povadiaio KUkAo (unit circle) aTo
medio z.

*  Mn ypaupIKr) CUPTTiEGN GUXVOTATWY

-0 <N =D —T<w<w

+ MeTaoXnUOTIONAG
2 (1—:.-'
$= =
T; 1+z“)
2 /1-2z!
H =H, |—=
@ [D (1+Z*')]

* Td yia “loTopikoUg” Adyoug
e Agev eTNPEACEl TO OTTOTEAECUO
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*  2100epd QITIOTO PIATPO GUVEXOUG
XpOvou = ZTaBepd aITiaTod GIATPO
dlakpITOU Xpbévou

14 (Tu/2)s
T 1 (Ta/2)s
s=o0+ Q2

14+ aTy/2+4 jQTy/2
Tl —eT2-jaly2

* 0<0-2|z]<1,yiadAegTIG Q
* 0>02|z|>1, yia 6Aeg TIg Q

* Zxed100MOG QiATpwV IIR pe
SIYPAUMIKO HETACXNMATIOUO
(bilinear transformation)

*  MetaoxnuaTiopdg Tou dfovag jQ
oTo povadiaio KUKAO (unit circle)

_14(Ta2)s

T 1= (Tu/2)s
s =jQ

14 QT2
=i jenn

e =>|z| =1, yia 6Aa Ta S OTOV Ggova
jQ

oo = L+ iQT2
1-jQT,2
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*  MEeTOOXNUATIOPOG CUXVOTATWY
= ef“’.

2 (l—z"
AV
2 (l—e’f“')
§f == —
Ty \1+eiw

2 [2e /%] sinw/2)
T [ 2e-Iw2(cos w/2) ]

s=o0+ jQ=

2j
= Fd tan(w/Z)

2
=T tan(w/2),

w = 2arctan(R7,/2). ‘

*  Xpno1poTrolIoUpE TOUG TTIO TTAVW
TUTTOUG YIa Va BpoUpE TIg
ouxvoTNTEG BIEAEUONG KAl ATTOKOTIAG




i s-plane

Transformation,

left half-plane

Figure 7.6 Mapping of the s-plane
anto the Z-plane using the bilinear
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* Zxed100MOG QiATpwV IIR pe
SIYPAUMIKO HETAOXNMATIOUO
(bilinear transformation)

OHOG PiATpwyv

dm z-plane w o
Image of w =2 arctan ( 3 ”’]
s = [} (unit circle) -
) “
Image of =

Figure 7.7 Mapping of the
continuous-time frequency axis onto the
discrete-time frequency axis by bllinear
transformation.

14

4 ”
oHOG PiATpwyv :@\_f
. P = 1]
* Zxed100MOG QiATpwV IIR pe
SIYPAUMIKO HETACXNMATIOUO
(bilinear transformation) !
1
< Hiem) glo gl i
= = I
- = I
L af el o
] \
T Fod \
\
\
_m o — = =
T . = - .
-2 (9 = = (.
i — 0 = F‘J _ [ |
Ta - ] I[ I[ ™ i
[
| H !";"I| i
shuaum.’ "'WM A e bl analor i e | |
I i &8 I i i ing
e T e S N s wal
\ |
L.
Figwe 7.8 Frequency waming AN
imhesent in the bilinear transformaticn of IR
2 continucus-time krwgpass filter into a 1\
discreto-time lowpass fites, To achinve 1Al
the desired discrete-time cutcH | Y N
frequencies, the continuous-time culod 1 R wl
Biomedical Imaging and Applied Optics Laboratory [ i 0w, @ L w




Example 7.3 Bilinear Transformation
of a Butterworth Filter

op6g PiATpwyv

Consider the discrete-time filier specifications of Example 7.2, in which we illustrated
tions on the discrete-time filter are

te-time filter. The specifi
089125 < |[H(e"™) =1, 0=w=02n (7.30a)
| Hie™)] = 017783, 03x =w=nm
METAOXNUATIOPOG TWV CUXVOTATWY

(7.30b)
Auvoupe yia N kai Qc
089125 < H(jR) <1, 0<0=>tam (_“'2")
T 2
, 2
[He(jR)| < 0.17783,

w2 ot 1) / () -1)]
than ((%) <Q<o0

2log[tan(0.157)/ tan(0.1x)]
= 5.305.
Mia kai n Td oTo TéAog atraAgipeTal uTropoUpe va emAégoupe Td =1
To @iAtpo Butterworth givai

, 1
”";-(J'SZN2 =

To N mpérel va gival aképalog

N=6, 2, =0766.
. Me To N=6 T XapOKTNPIOTIKA TNG JWVNG OTTOKOTIAG Eival
|Hc(j2tan(0.17))| = 0.89125 PIBUG T AVAUEVOUEVA, EVG) Ta UTTEPBAIVOUE OTN 6vn
= 1 Q 9( 2N diéAeuong
@/ (72 tan(0.157))] < 0.17783.
|4 (2tan(@17) ™oy
Q. ~\ o089
|4 (2tan(0157) oy
Q 0178
Biomedical

Imaging and

Twpa wpétrel va BpoUpe Toug TTOAOUG Tou @iATpou ...

Optics Laboratory

Example 7.3 Bilinear Transformation
of a Butterworth Filter

op6g PiATpwyv

Consider the discrete-time filier specifications of Example 7.2, in which we illustrated
the impulse invariance technigue for the design of a di
tions on the discrete-time filter are

te-time filter. The sp
089125 < [H{e™)| < 1.

|H(e™)| = 0.17783,

03x =w=xw
Twpa Tpémel va BpoUpe Toug TTOAOUG Tou @iATpou
‘OTwg Kal TTPONYOUHEVWG

(7.30a)
12 6Ao1 o€ ouguyn Ceuyn

(7.30b)

K
H (5) =2 %,,L:l
n(-‘"-ﬁ) ‘
b=l

T
e
\
Maipvoupe Toug TTOAOUG OTO APITTEPS HICO TOU TTESiOU

K, =QF = 0.20238
Hels) =

0.20238

&\_
(52 +0.3996s + 0.5871)(s2 + 1.0836s + 0.5871)(s2 + 1.4802s5 + 0.5871)
H(z)=H(s) _2[1-
-2

[

] T (1-1.26862"

0.0007378 (1+2™)°

Imaging and

Optics Laboratory

+0.7051273)(1-1.010627" +0,358327%)(1-0.9044 27 +0.215527%)




Example 7.3 Bilinear Transformation
of a Butterworth Filter

Consider the discrete-time filier specifications of Example 7.2, in which we illustrated

the impulse invariance technigue for the design of a di filter. The specifi
tions on the discrete-time filter are
0.89125 = |H(e™) = 1. 0=w=02m (7.30a)

| Hie™)] = 017783, 03x =w=nm

(7.30b)

Samples
>
T

| L 1 L
0 0.2 4w b 05w :r
Haduan frequency (w)

i)

Figure 7.11 _Frequency resporse of sieth-ceder Butherworth filter transformed by
bilinear transform. (a) Log mageituda in dB. (b) Magnituds. (c} Group delay.
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1]

L 1 1
by o 05w w

02w
Radian frequency (w)
{a)
L2
1 1
] 02w Odar [ 08w m

Radian frequency (=)
(1]

» 2XeS100HOG PiATPpwWYV lMeplopiopévng
KpouoTikng Atrékpiong (Finite
Impulse Response - FIR) pe xpion

TTapdupou
*  @iATpO PE ATTOKPICH CUXVOTNTAG
Hg(eiw)

"
haln] = %f Ha(e)e! " daw.
-

* ATTEIPN KPOUGTIKI ATTOKPION

+ XpnolpoTtroloUpe TTapdbupo waTe Va
TNV TTEPIOPICOUNE XWPIG VO EEPEUYOUE
atd Ta XAPAKTNPIOTIKA TOU QIATPOU

h[n) = ha[n]w(n].
» Terpavwviko (rectangular) TapdBupo

n] 1, 0<sn=<M,
wln] =

0, otherwise.
W(e!) = Ze*""" =
n=0

H(el) = % f Ha(e"")W(e!@)dp.

1—elw

18
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"Bl

To @iATpo aAolwveTal Adyw ouvéNIgNG pe
TOV PETOOXNUATIOPO TOU TTapdBupou

Wielte-#ly
1/
1\ | Hale™
i
I
1 ) =
N = Ed ’
(a}
Hie™)

[

Figure 7.19 () Convolution process implied by truncation of the sdeal impatse
responda. (b) Typical approximation ragulting from windowiag the ideal impaiss
Fesponas.

1 — g~ fe(M+1) oo sin[w(M + 1)/2]

sin(w/2)
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* Zxed100u6G6 @iATpwyV FIR pe xpRion mapdupou

» Koiva mapdbupa

Rectangular
win] = 1, 0=n=M,
T 10, otherwise
win] Rectangular
Bartlewt (triangular) i {
WM, D<M, A v o
wlnl =4 2-2n/M, M2<n=M, o : ToITT padimin
0, atherwise - i
Hanning i
win) = [ 05~ 05cos2an/ M), 0n < M, " i
1o otherwise 02 i
Hamming 7=t ] Nag,
[ M M
il = 054 —04d6cos(2rn/M), O=n= M, 3
) = otherwise
Biomedical Imaging and Applied Optics Laboratory
o B
2xedlaopog @iATpwy FIR pe xpron mapdbupou
» Koiva mapdbupa
TABLE7.1  COMPARISON OF COMMONLY USED WINDOWS
148 Ade)
 Peak 20l0g,,5 3 T Hie™
Side-Lobe A 10 A ~ L
hpeo  Amplmge " @) ¢ .
Window { Relative
Rectangular =13 -21 0.5 P
Bartlent =] 25
Hanning =M —
Hamming =41 .53 8
Hlackman -57 -74 ! \ P — |
i w, N R i w

W, (el

0% 20 40 eo w0 180 wo w0 Wo o 200 O
P

Biomedical Imaging and Applied Optics Laboratory
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* 2xed100u6G6 QiATpwYV FIR pe xpRion Trapddupou
* pappikn ®aon
* Av 1600 n atmmokpion 600 Kal To TTapAdBupo €ival CUPPETPIKA 1) avTI-
OUMMETPIKA Ba €X0UPE YPOUUIKY GAon
vl = {g[M - glﬁe':wsisg' W(e’®) = We(e/*)e /M2,

ZUpPETPIKG h
ha[M — n] = ha[n],

Hy(e!*) = H.(e/*)e™1*MP2,

T
H(el) = % f Ho(e/)e oMW, (elto0))g= 1ML g
-

‘H(e"”) - A,(ej“’)e’f‘”mz.‘

Ac(e’) = % f He(e?® )W, (e/“~)dg.

AvTI-ouppeTpIké h
halM = n] = —hy[n),
H(e™) = jAo(e™)e= 7M7)

Biomedical Imaging and Applied Optics Laboratory
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Example 7.7 Linear-Phase Lowpass Fiiter
The desired frequency response is defined as

ooy < [ MR ol <o,
ip(e’) = 0, w < |w| <7,

where the generalized linear phase factor has been incorporated into the definition of
the ideal lowpass filter. The corresponding ideal impulse response is

(7.56)

—juM/2, jon _ sin[m‘(n — M/z)]
_%e JoMZojon oy = “rn—MD) (7.57)

for —00 < n < 00. It is easily shown that hyy[ M — n] = hyp[n], so if we use a symmetric
window in the equation

1
hlpl"] ] ﬁ

hin] = ﬂ",lr;‘(‘;(i‘_im%’)z—”w[n]. (7.58)

then a linear-phase system will result.

Biomedical Imaging and Applied Optics Laboratory
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* Txedioopog @iAtpwyv FIR pe xprion
mapdbupou Kaiser
* AmAouaTelel TOV OXEDIQTHO

*  Aev xpeiagovtal TTOAEG TTpooTTabEIEg (trial
and error)

o, ,\@,0,=0,=0

Io[ﬂ(l—(%)z)“]
wlnl= 1,(6)

0 ,  otherwise

A=-20log,,5 (attenuation)

0.1102(4-8.7) ,A4>50
= 10.5842(4-21)** +0.07886(4—-21) ,21< A<50
0.0 ,A<21
A-8 M

Av=0, -0,

477 =
2.285A@ 2
* [lapoépoio pe To Hamming yia =5

23 Biomedical Imaging and Applied Optics Laboratory
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Example 7.8 Kaiser Window Design of a Lowpass Fliter

With the use of the design formulas for the Kaiser window, it is straightforward to
design an FIR lowpass filter to meet bed feati The s as
follows:

1. First the specifications must be established. This means selecting the desired
and w, and the maximum tolerable approximation error. For window design,
the resulting filter will have the same peak error & in both the passhand and the
stopband. For this example, we use the same specifications as in Examples 74,
7.5, and 76, i.e., wp = 0.4x, w, = 0.6m, §; = 0.01, and &; = 0.001. Since filters
designed by the window method inherently have §; = &3, we must set § = 0,001,

2. The cutolfl frequency of the underlying ideal lowpass filter must be found, Duc

Y y of the approximation at the di inuity of Hyle'=), we would

sel

=t
3 0.5,
3. To determine the parameters of the Kaiser window, we first compute
A ay —ap =027,  Am ~20logyyb = 60,

We substitute these two quantities inte Eqs. (7.62) and (7.63) to obtain the
required values of # and M. For this example the formulas predict

f=5653, M=3T

4. The impulse response of the filter is computed wsing Eqs. (7.58) and (7.39). We
obtain

min =) 1y

sinw(n—a) blAO - [(n—ayaf)R) o
hin} = ol
0. otherwise,

where o = My2 = 37/2 = 18.5. Since M = 37 is an odd integer, the resulting
linear-phase system would be of type IL (See Section 5.7.3 for the definitions
of the four tvpes of FIR svstems with gencralized lincar phase.) The responsc
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