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 MNMeproxn ZuykAiong (Region of
Convergence — ROC)
« Ta va ptropei va utroAoyioTei 0 Mz TrpéTel

oo
S Il <00 2= e
n=-—00
o0
Z [x[r]r™" < oo
M H'fp'.%’x., LUYRNIVI |G (Region of
Convergence — ROC)
* OA\a 1a z yia Ta oTroia 10K UEl TO TTIO TTAVW
« E&aptdaral améd 1o r > OpokevTpol KUKAOI
* Mrmopei va TrepiAapBdaver kai Tnv apxn
(origin) kai T0 ©
* Av mrepidapBdvel kai To r=1 T10TE UTTAPXEI Kal
o MPAX
*  Adyw TOU r pTTopEi va uttdpyel oUyKAIon
KQI Yl OUVAPTACEIG YIa TIG OTT0iEG OeV
ouykAivel o MOAX
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Znueiwon:

O Mz eival pia duvapooeipd Laurent kai
dpa gival CUVEXNAG VIO OAEG TIG TINEG PECT
otn ROC

Ti yivetar ye To MOAX nuirévou R
QuvnUiTovoU;

* Mz wg pnT1i ouvdpTnon
(rational function)
P(z)

*&O=%m

*  Mndevikd (zeros) o
* X(z)=0
» PiCeg Tou P(2)
* [oAoi (poles) x
. X(z)=
* PiCeg Tou Q(z) f/kail z=0, z=«
* Oa doUpe TTwg kabopifouv TNV
ROC
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Example 3.1 Right-Sided Exj tial S

Consider the signal x[n] = a"u[n]. Because it is nonzero only for n = 0, this is an
example of a right-sided sequence. From Eq. (3.2),

X(z)= i =a"uln]z™" = i(n: l)". dm 2-plane
n=—tc n=t

Unit cirele
For convergence of X'(z), we require that Unit circle

Em: laz™'|" < .

e
Thus, the region of convergence is the range of values of 2 for which |az "= 1ar,
equivalently, |z = |al. Inside the region of convergence, the infinite series converges to
e
1 H
X(z) = W == . 3.10)
@=3 @V ==y >l (3.10)
L
Here we have used the familiar formula for the sum of terms of a geometric
series. The z-transform has a region of convergence for any finite value of |a|. The
Fourier transform of x[a], on the other hand, converges only if [a| < 1. Fora = 1, x[n]
is the unit step sequence with z-transform
1
X(@=7——. ld>1 (3.11)
l-2z
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Example 3.2 Left-Sided Exponential Sequence
Now let x[n] = —a"u[—n — 1]. Since the sequence is nonzero only for n < =1, this is Sm z-plane
a left-sided sequence. Then
Unit circle

o -1
X(z) = - Z a"uf-n-1]7" = - Z a"z "

e w— (.12)
w w
=- za"‘z" =1- Z(a"z)". 1 e
A=l L]
1f ja~'z < 1 or, equivalently, |z| < lal, the sum in Eq. (3.12) converges, and
X@=1- a2t o 2 g @1
%)= 1-a'z 1-az"' z-a’ . : .
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Example 3.3 Sum of Two Exponential Sequences
Consider a signal that is the sum of two real exponentials: — o
x[n) = (§) " uln] + (- 1)" uln). (3.14)

The z-transform is then

X(z) = i {(i]"u[n] + (—_{}"u[ﬂ]} "

= z ()" uln)z " + i (=4)" ufn)z™" (3.15)
dm  zplane

=3 () 3 (e
1 1 2(1-$z7")

= + -
- 37 iz =% z
P-grt gzt (-t 1+ 5]

1
o 2l-n) (3.16)

S DGE)
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Example 3.5 Two-Sided Exponential Sequence

Consider the sequence

x[n] = (-{]"u[r.r] - [;]"nl—n —1). (3.20)
Note that this sequence grows exp Iy as n — —o0. Using the general result of dm z-plane
Example 3.1 witha = —}, we obtain o —
" 2 ! 1 7 e
- uln) +— |zl = 3. L \
(=4)"uln) T 3 AP
o R b
and wsing the result of Example 3.2 witha — i yields i ',a \. ‘.i
[
n =z 1 i —k >-0 ke
—(4) ul=n=1] = P Izl = 1. ! -%!\ IiJ ). ‘T% e
3 1 \ A
Thus, by the linearity of the z-transform, AR 7 S
= L 1 Vot ) N [ o
(z) = l+'§:-f o =t i<l 2l =3 ~dha e
(321
2(1- ) 2~ ) d

T (=R G-
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TABLE3.1  SOME COMMON 2-TRANSFORM PAIRS
Sequence Transform ROC
1. n] 1 Allz
1
2. uln] = ld =1
1
3 ~uf-n-1] Tt 1=l
4, §[n—m]| = All zexcept 0 (if m = 0)
or oo il m < 0)
0l 1 -
5 a"uln) ToarT 2l = lal
il — 1 .
6. —a"ul-n—1) = Il = lal
-1
- az
7. na"uln) (——‘ e Izl = |al
- az!
8 —na"u[-n-1] (_IT'lF Izl < la)
1~ feoswnla ! .
9. [cos wgn]uln) 1—[2eosawglz=! + 272 la=1
. [sin wo)z ! .
10, [sinwonjula] m lzf =1
cosawonladnl 1 — [rcos ]! -
Ll 1-[Zreosaglz ' +riz? la=r
o sin eocbal] r sinwo)z™!
12. 17 sin wolln] 1 - [Zreoswo]et +riz 72 s
a', D=n=<N-1, 1=-aNe¥ N
= { 0. otherwise T—arT =0
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dm  zplane
* 1816TNTEG TG TTEPIOXNG OUYKAIONG vnage |
TN
rroPERTY 11 The ROC is a ring or disk in the z-plane centered at the origin: i.e.,
O=rr<lzl =r.=cc.
rrOPERTY 2 The Fourier transform of x[n) converges absolutely if and only if S~
the ROC of the z-transform of x[#] includes the unit circle.
prOPERTY 31 The ROC cannol contain any poles. L
Im s-plane dm planc
rrovERTY 41 I x|n]isa finite-durati q e i.e.,aseq that is zero except
in a finite interval =00 = N; < n < N; = oo, then the ROC is the entire z-plane, o
except possibly z =0 or z = cc. b iR
rroreRTY 50 If x|n] s a right-sided sequence, Le., a sequence that is zero for 1 - “,'._ = :, .- —
n = N = oo, the ROC extends outward from the outermaost (i.e., largest 5 y h
magnitude) finite pole in X (z) to (and possibly including) z = no.
prOPERTY 6:  If X[n] is a left-sided sequence, i.e.. a sequence that is zero for n > EE] F=
N; = —oe, the ROC extends inward from the innermost (smallest magnitude) " o
nonzero pole in X (z) to (and possibly including) z = 0. Sm rplase dm  rplme
PROPERTY 71 Al ided seq ¢ 15 an infinite-d ion sequence that is neither o —
right sided nor left sided. I x[n] is a two-sided sequence, the ROC will consist o AN
of a ring in the z-planc, bounded on the interior and exlerior by a pole and, J/:,- O £ s X Y
consistent with property 3, not containing any poles. T AT 2
prOFERTY & The ROC must be a connected region. A A '
iy e}
Figure 3,10 Examples of four 2- transborms with the same pole-zoro locations,
ilhustrating the ditferent possibilities for the region of convergence. Each ROC

corresponds 10 a different sequence: (b) to a right-sided sequence, (c) to a left-
sided sequence. (d) o a two-sided sequence. and (#) to a two-sided sequence.
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Example 3.7 Stability, Causality, and the ROC

Consider a system with impulse response Aln] for which the z-transform H(z) has the
pole—zero plot shown in Figure 3.11. There are three possible ROC's consistent with
properties |-8 that can be iated with this pol plot. However, if we stale Unil circle
in addition that the system is stable (or equivalently, that k[n] is absolutely summable
and therefore has a Founier transform), then the ROC must include the unit arcle.
Thus, stability of the system and properties 1 8 imply that the ROC is the region
{ = |z| = 2. Note that as a consequence, k[n] is two sided, and therefore, the system

Fm

i

z-plane

is not causal.
1f we state instead that the system is cavsal, and therefore that Afn] is right sided, &

then property 5 would require that the ROC be the region |z] = 2. Under this

condition, the sysiem would not be stable; i.e., for this specific pole=zero plot, there is

no ROC that would imply that the system is both stable and causal.
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» AvtioTpogog Mz * Mg EmBewpnon (By

"Bl

Inspection)
. MéBo5o! * Me tn BonBeia Tou Mivaka 3.1
L] 4 i 1
Me ETr!eewpr]cr] (By Ins’pectlon) X(2) = (1 — _1)‘ 2>}
*  Me AvatrTuén og Mepikd ) <
KAdoparta (By Partial Fraction x[n] = (1)" uln]
Expansion)
« Me AvamTugn og Auvapooeipd X(2) = (_1_) L <l
(By Power Series Expansion) 1-37!

x[n}=—(3)"u[-n—1]
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* Mg Avamrtuén oe Mepikad KAdoparta (By Partial Fraction

Expansion)
M M M
Z bez* ZNZ bpzM* HU -z )
X(2) = +=0 _ k=0 _bia
- N N a N
Z az* M Z apzVk H(l —dizh)
k=0 k=0 k=1
M<N

N
A -
X(z)=2——1 _d:Z_] Ac=(1-da VX ()| _,
k=1

M=N

M-N
X(z)= E B,z +

N A
2 —"71 B,’s by long division
r=0 i 1

M-N N
X)) = Z Bz + E

r=0 k=1.ks#i

Ag - Cp
Tt T = (sde

dr—m

Crm
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* Ti onpaivouv Ta KAdopata

B,z PEIN B,é[n—r

A plane
*  METATOTNIOPEVEG KPOUDTIKEG
OUVOPTHOEIG
£y ]
Ak z [ b
T—dz1 - (oulnlor —(doul-n—1] L 9V A
, S ’_l
* EkOeTIkd&. ANAG, TI EKBETIKG; e
ROC rr<lzl <rs P P
(dk)"u[n] lfldﬂ <rR i
f’ \\
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1+277' 4+ 772

(1+z71)?
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M=N=2
the poles are all first order

A A
2
P PR N PP ]
72-3z7'+2
5711
X()=2+ —145z7!

(1=t -z

—1 457! 1,
he [(“ (0 —!—,z-')(l—z-')) (l‘iz )]
pe = [(2 S “_Z_,)) a )] s

-1 457"
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je? B (1-3) (-2

=12

o z-plane
et / _\
\ T e
9 8
){(.z)=2————1_%z_1 Ay
2%, 26[n].
1 Z R
_ —_— ujn
=9 = (5)" ulnl
1

z
< uln|.
1-2z!

x[n] = 26{n] — 9 (1) uln] + 8u[n]

* Mg Avamrtuén oe Auvapooeipd (By Power Series Expansion)

o0

X(@)= ) x[njz"
=+ x[2]2% + x[-1]z + x[0] + x[1]z7" +x[2)272 +---
8[n —m] PN ™

ROC All zexcept 0 (if m > 0)

or oo {if m < 0)
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2 I,-1 -1 -1 1
X=222(1-57") 0+ -2 X(Z)=m- 12l > la|
X(=z'-lz—14 1z —1 L g2
(D=2"-32-1+52 l+az ' 4+a*z7%+...
l—az' |1
I |
L on=-2 LA
az”
-3 n=-l az' —alz?
Xll’l]: -1, n=0, F—)
1 az
3 ﬂ=1.
0, otherwise. 1
e——=ld4ar ' a2 ..
1—az!

x[n] = 8[n+2] — 18[n+1] - 3[n] + 18[n — 1]
x[n] = a™u[n].
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TABLE3.2 SOME z-TRANSFORM PROPERTIES
Section
Relerence Sequence Translorm ROC
x[n) Xiz) R rr<lzl =rp
xln] Xilz2) R,
xz[n] Aplz) R,
341 ax[n] + haezln] aXy(z) +hXz(z) Contains Ry 1 Ry,
342 xln — ) X (2) R, except for the possible
addition or deletion of
the origin or oo
343 zfx[n) Xiz/m) lzalRe  120lre < 12| < [zalre
344 nx[n] —zdiﬁ R except for the possible
: addition or deletion of
the origin or oo
345 x*[n] Xt(z) Re
Telx[n]i %|sz)+ Xz Contains R,
Frislnll X - X)) Contains R,
346 x*[-n] X"{l/z") 1/R; lfre = |zl = 1/rg
x[n] is real x[—n] X(1/2)
347 x1|n] + x2ln] Xz Xz(z) Contains Ry, N Ry,
348 Initial-value theorem:
xn]=0. n<0 lim X(z) = x[0]
)
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Example 3.15 Exponential Multiplication

Starting with the transform pair

uln] N

: I:_.- [ (3.60)
we can use the exponential multiplication property to determine the z-transform of
x[n] = " cos(ann uln]. (3.61)
First, x[n] is expressed as
x[n] = Yol tuln] + ;(re'f”")"u[n].

Then, using Eq. (3.60) and the exponential multiplication property, we see that

1 J Z 4

slre"™ " uln] «+— Trefmg T |z| = r.

Lre 1) uln) A —'——4 ; IHEXS
1—re-iong-1

From the linearity property, it follows that

- — >
X = 1 —reiwez-} *i — re~im -1’ a>r
(3.62)
_ (1 ~reoswoz™") ol >r
T 1= 2rcosagz +rizt :
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Example 3.17 Second-Order Pole

As another example of the use of the differentiation property, let us determine the
z-transform of the scquence

x[n] = na"uln] = n(a"u[n]).

From the z-transform pair of Example 3.1 and the differentiation property, it follows

that
d 1
Xiz) = _ed_z ('—l —nz") . Izl = |a|
az!
= U—_r_ljf‘ Izl = lal.
Therefore,
-1
na"uln) qi (lffzfljz' Izl = lal.

Example 3.18 Time-Reversed Exponential Sequence
As an example of the use of the property of time reversal, consider the sequence
xln] = a "u[-n],
which is a time-reversed version of a"ufr]. From the time-reversal property. it follows
that
1 —a~'!

X(2)= 1-0z

el
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Example 3.19 Evaluating a Convolution Using
the z-Transform

Let xi[n] = a"u[n] and xz[n] = u[n). The corresponding z-transforms are

o

Xi(z) = Ea"z"‘ = l—lv Izl = lal,
il

and

- 1

X’w’th=1$‘ lzl > 1.

=)
If |a| = 1, the z-transform of the convolution of x; [n] with xz[r] is then

1 z?

YO =iy - coae=n ATt (3.64)

The poles and zeros of ¥ (z) are plotted in Figure 3.14, and the region of convergence
is seen to be the overlap region. The sequence y{n] can be obtained by determining
the inverse z-transform. Expanding ¥'(z) in Eq. (3.64) in a partial fraction expansion,

1 1 a
Y@= (l—_z-—l' r:r')‘ el > 1
Therefare,

¥l =

1 a1
I _a[n[n] —a"uln]).
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dm

7-plane

Fe

= Region of
CONVETPENCe

we get Figure 3.14 Pole-zero plot for the 2-transform

of the convolution of the
sequences u[n] and a"u[n].
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