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* ‘Eva N'XA cuoTtnpa kabopideTal TTARPWG a1rd

» KpouaoTikn atmokpion (impulse response)

yln) =x[n] x hin) = 3 x[klh[n — K]

k=—00
» Amékpion Zuxvotntag (frequency response)

Y(e/®) = H(e!*) X(e!”)

» Amékpion ZuoTrpaTog (system response)

Y(2) = H(2) X(2)
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* Amrékpion Zuyvortnrag (frequency + Mapadelypa
response) o 18avikd XapnAotrepato (low pass)
PiAtpo

e Xxéon METagU PETAOXNUOTIOHWYV

: oy _ [ 1 ol < e,
Fourier Hy(e!”) = {n‘ W < o] <7
Y(e*) = H(e*) X(e*) hpln) = =2, —o0 <m< o0
[Y(e/)| = | H(e/)| - | X(e!*)| « 15aviké Yyimepato (high pass)

®dikTpo

<¥Y(e'*) = a<H(e*) + aX(e/) )
th(e;m) — {0' le < W,

1, w<lwl=m

. . th(fjw) =1- Hlp(fjw)
*  Ta amoteAéopaTa Tou TTAATOUG Kal

sin wen
NG @AoNG UTTopPEi va ival hapln] = 8[n] — hip[n] = &[n] — ;mt
e OceTIKG
« ApvnTiKd = TTapapdpewon * ATTEIPN KPOUGTIKA aTTOKPIoN
(distortion) + h[nJ#0 yia -0< n < +o

Mn-aimard
Aev pTTopEi va eQapUOoTET
* AImartég TTpooeyyioeig PTTopEi va
£XOUV TTAPAUOPPWOEIS PATNG
18avikd @iATpa éxouv @don 0
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* ATroTeAéopaTa TNG
Tapauépewaong edaong (phase

distortion)
+  1daviké ouoTnua kaBuoTtépnong *  Ouadikn KaBuoTépnon (group
(ideal delay system) delay)
’Iid["] =3é[n - na) « METPO TNG YPOMIKOTATAG TNG
Hig(e!”) = e/ ¢pdong
|Hig(e!*)] = 1 i d i
p b‘,m(,_,,m)  —ong  lol<x 7(0) = grd[H(e'")] = — - larg[ H(e/)]

* [papuikn @aon
* Hmapapopewon dev eival kai 1600

'C\FAHPGVT]KH S « 0 6pog arg[H(e)] eivai n
M TTOPEl VO AVvTIOTAOUIOTElI OTO 2 o j
o OT’?W o H guvexng @aaong Tou H(el®)

*  ®ikTpo pe kaBuoTéEPNON

e~lons ol < e,
Jwy — . ey
Hip(e’™) {0‘ w < lw| <7
sinw.(n ~ A,
hlp[n]=—‘(—d)‘ —00 <N < 0o
w(n—ny)

« Kai méAi dev gival aimato!
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, , . arg| Hie™))]
* ZuveXg @don (continuous
phase) T
* Kuopia 1ipA (principal value) Tng T w
@aong ‘*’
« ARG[H(e)] il
—m < ARG[H(e'*)] < o
i —
<H(e'*) = ARG[H(e'*)] + 2nr(w) ®)
B 3 ARG[H(e™)]
°  Juvexng eaon
+ arg[H(elv)] v AN
. Omwe kai N ARG[H(€)] aAG AN P ﬁr .
XWPIG AOUVEXEIES £TT T
(b
i)
Figure 5.7 {a) Continuous-phase 2
curve for a system function evaluated on =
the unit circle. (b) Principal value of the
phase curve in part {a). (c) Integer 1
multiples of 27 to be added to r &
ARG[H (¢/*)] to obtain arg[ H (8/=)]. - R
_
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* MNapddeiypa E§aoBévnong kai P
Opadikng Kabuotépnong ' 3 2 ~

x[n] = s[n] cos(wen)

Magsitisde (dB)

* Ta Tipég yUpw atro 10 Wy

<aH(e!) >~ —gpg — wny
y[n] = |H(e!“)|s[n — na] cos(won — ¢po — worna)

Input Sigmal 1[n]

Giroup delay (samples)

Sam 'l.'-
w=0.85T 0,25m 0,501

Fesaricr Transformn Magnitude of Input x[a]

% i;_:: — : e ::.._:' 1,

| Xie k)

st

L . . » L L ! L 1
LML T o > 0 ™ oy e 300 T 0
o 0le Dde Abe 08 ow  IZe lde lhe  I8e 2w Sample numberin}

Radian froquency (w)
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* Amokpion ZuoTtAparog (System

Response) Example 5.2 Second-Order System
o Tpapuikég EGlowaoeig Ala@opwv Pe Suppose that the system function of a linear time-invariant system is
>1a0epoUg ZuvteAeoTég (Linear U+ z1p
Constant-Coefficient Difference H@z) = Mol 1+ 3) 15.20)

Equations rj LCCDE)

Tofind the difference equation that is satisfied by the input and output of this system, we
cxpress H(z) in the form of Eq. (5.18) by multiplying the amd d il
factors to obtain the ratio of polynomials

N M
142 422 ¥

Z ayln — k] = Z bex[n — k] Hiz) = ﬁ = % (521)

k=0 k=0

M+ i =33 V(@) = (1 + 227" + 279 X(2),
and the difference equation is

¥[n] + {y[n -1]- ;yin =2] = aln] + 2x[n = 1] + x[n - 2]. (5.22)

N M
—k = —k MNote that once the correspondence is well understood, it is possible to proceed directly
(Z Kz ) ¥(2) (Z biz ) X fom Eq. (5.21) to Eq. (5.22) without the intervening algebra (and vice versa).
k=0 =0

N M
S atY(@) =) bz X(2)
k=0 k=0

M M
S b [Ta—azh
k=1

H(z)=-}%=% H(z) = (%ﬁ)w——
agz” (1 =dez™")
g k kl:I1 k
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» 2Ta0epoTNTA (Stability) ko

Aimarértnta (causality)
Example 5.3 Determining the ROC

Consider the LTI system with input and output related through the difference equation

° ZTGeﬁpéTnTa ¥in) = §yln — 1]+ yln — 2] = 2[n]. (5.25)
o
From the previous discussions, H{z) is given by

> Il < o0 " T

o Hz) = TR T ) ATy (5.26)
oo

E |h[n]z_n| < o0 #m z-plane

n=-—oc Unit circle

» [Mepioxn ouykAiong (ROC)
TepIAapBaver 1o |z|=1

e AImaToéTnTa
* h[n] > “d¢€1&” cuvapTtnon
* [Mepioxn ouykhiong (ROC)

Eg’UJ Qo Tov 1Mo CEwTﬁpl Ko The pol plot for H(z)is indicated in Figure 5.4. There are three possible choices|
TTOAO for the ROC. If the system is assumed 1o be causal, then the ROC is outside the
outermost pole, i.e., |z] > 2. In this case the system will not be stable, since the ROC]
does not include the unit circle. If we assume that the system is stable, then the ROC]
will be ; < |z] = 2. For the third possible choice of ROC, |z] < §, the system will be
neither stable nor causal.

Figure 5.4 Pole-zero plot for Exampe 5.3.
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* AvTtioTpo@a ZuoThHaATA
(Inverse Systems)

M N
G(z) = H@Hi(2) =1 [T0 - ez [Ta -z

bo\ ko1 - ag\ k=1
Hy=|—)"%Fv——— H@=|-|F——"
gl[n) = h[n] « hy[n] = 8[n] (ﬂo) N (f’o) M
(1—dez™") (1-cz™)
;(I_:_[] /%4 ;41;11 ki

1
)
Example 5.5 Inverse for System with a Zero in the ROC
* Or11oAol Tou H gival undevikd

" . Suppose that H{z) is
Tou Hi kai avTioTpoYa

7' -05
. . . H@) = ——o— Izl = 0.9.
e Ol TTEPIOXEC O'UVK)\r]OTlg TTPETTEI 1-05z"
va ETTIKAAUTITOVTOI (VIG av The inverse system function is
UTTapXEl N OUVENIEN) 0921 —24 180
) ] H() = Sz = T
* Tia va gival aimaté 1o )
avﬁchocpo OL'JO'TI']}JCK As before, there are two possible regions of convergence: |z] < 2 and |z] = 2
In this case, however, both regions overlap with [2] = 0.9, so both are valid inverse
|z| > max lck| systems. The corresponding impulse response for an ROC |2 = 2is
k

B . Ii[n] = 202 ul=n = 1] = 1.8(2)* " u|=n]
* Ta va gival kal oTaBepd TO
avTiIoTPOPO CUCTNHA and, for an ROC [z| > 2,is

max |kl < 1 hialn] = =2(2)"uln] + 1.8(2)""uln - 1].
k

We see that fyy[a] is stable and noncausal, while y:[n] is unsiable and causal.

Biomedical Imaging and Applied Optics Laboratory
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* ZUOTAMOTA JE ATTEIPN
KPOUGCTIKHA aTTOKpIoN
(infinite impulse response)

M=N N Example 5.6 A First-Order IlIR System
H(Z) = z B, z*f + Z Lﬁl Consider a causal system whose input and output satisfy the difference cquation
= —r 1—dz ¥ln] = ayln = 1] = x[n]. (5.36)
The system function is (by inspection)

M-N N
hln) =" Bys[n—r)+ Y Aedjuln)
k=1

r=0 Hiz) = Toart (5.37)
$m z-plane
* |IR = 'Exouv TouAdyioTov Uit irgle
éva TTONO EKTOG aTTO TO
pn6£v - @ | e

Figure 5.5 Pole-zero plot for Example 5 6.

Figure 5.5 shows the pole—zero plot of H(z). The region of convergence is |z = |al,
and the condition for stability is |a| < 1. The inverse z-transform of H{z)is

hln] = a”uln]. (5.38)
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* ZUOTHMOTO UE TTETTEPOCHEVN
KpouoTIKi atrékpion (finite
impulse response)

M-N N M-N N
H@) =3 Bz +) 1= —  hn)=Y Bln-rl+3 Acdjuln)
=0 Pl —0 k=1
* FIR - 'Exouv mmoAoug povo
aTo pNdEV
M
H(z)=) ™
k=0
0<n=<M,

M
_ _ _ Ly
hin] = gb" S {U. otherwise.

Yl =3 bux(n — K]
k=0
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Example 5.7 A Simple FIR System

Consider an impulse response that is a truncation of the impulse response of Exam-

ple 5.6:
) = { ot DEnE M prale-caern plat For the case 3 = Tisshosanin Figwe S6
0 otherwise. | Fe zglime
Then the system function is ..'_‘_,4 e,
o
LS - 1 — aMelg-M-1 £ Suots- 1
H(z) = g A= S (5.42) i m\‘“‘» L
o
. 5 i
Since the zeros of the numerator are at LN r’
. x
o aelTND 01 M, (5.43) e

where a is assumed real and positive, the pole at z = o s canceled by a zero. The

Figure' 5.6 Palz-2e0 pial for Bxamole 5.3
T dtieneace cowatinn satislied by fhy inpat and eokpot of the Fwear Bme

M
TR 549
L]
Towewer, Fr. (542) suzgests that the inpet and sutpet abn saisfy the differomecs
copuation
el - astn V= wl) - ™o - 31 1) [
These: d nesuft Fram dhe e equivalont Fewmes of

Hgr)in Bq. (552

12 Biomedical Imaging and Applied Optics Laboratory




I'XA ZuoTnpdTwv 7@&

» ATTéKkpion ZuyxvoTntag amrd
ATToKpION ZUCTANOTOG
M

M M
Zb&f" Zbke_i“’k H(l — ke 1)

H(z) = % =50 H(el*)= 50— H(e'™) = (@) =
Sact 3 e “/ T - e
k=0 k=0 k=1

* TAGTOG
M
II1t—cke e
|H(el®)| = f}z i
11— de/*|
k=1
* ®don

M N
QH(e™) = « {?] £33 all —ae ] = 3 a1 - die)
ol = k=1

e Opadikr KabuaTtépnon
] Mod
grd[H(e'*)] = Z H(arg[l —dre™ 1)) - Z E(arg[l —cke” ]

k=1 k=1
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» ATTékpion ZuxvoTntag amd
ATToKpION ZUCTAHNOTOG
* [AGTOG
* Ta undevikd 10 “Tpapolv” aTo Sm z-plane
unodév
» Q1 méAol To “Tpapoulv” aTo
arreipo
» Ooo o KovTd oTo |z|=1 1600
TT010 TTOAU “Tpafouv”
e ®don
* O1 ywvieg ammd Ta pndevikd
TIPOCTIBEVTAI
* O1 ywvieg a1md ToUug TTOAOUG
agaipouvtal
*  Opadikr) KaBuoTépnon
¢ Mapdywyog g paong

Jie

14
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» ATTéKkpion ZuyxvoTntag amrd
ATToKpION ZUCTAHNOTOG

dm z-plane

Unit eircle
™,

e

Figure 5.8 Frequency response for a single zero, with r = 0.9 and the three
values of # shown. (a) Log magnitude. (b) Phase. (c) Group delay.
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B

R

Sampies

XA ZuoTnudtwyv

iy b

adian frequency (w)

gk

» ATTékpion ZuxvoTntag amd
ATToKpION ZUCTAHNOTOG

Im 2-plane

e

———=r=035
—— =7
........ =00

—_—=l

Figure 5.11 Frequency response for a singls zero, with & = =, r =1, 0.9, 0.7,
and 0.5. {a) Log magnitude. (b) Phasa. (c) Group delay for r = 0.9, 0.7, and 0.5.
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KpIon ZuXVOTNnTaG a1Td
KPIOTN ZUCTHNOTOG

—_—r=100
—— =125
—— =20

Sm

z-plane

Unit circle

Figure 5,13  Frequency response for a single real zero outside the unit circle,
with# = 7, r = 1/0.9,135, 2. (a) Log magnitude. (b) Phase {pincipal valug).
{e) Group delay.
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Radians.
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Radian froquency o)

i)

Radian frequency ()
(L]

Samples
=
T

» ATTékpion ZuxvoTntag amd
ATToKpION ZUCTAHNOTOG

dm

Unit circle

Figure 5.16 Frequency response for a complex-conjugate pair of poles as in
Example 5.8, with r = 0.9, /4. (a} Log magnitude. (b} Phase. (c) Group delay.
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» Zxéon MAdToug Pdong yia

otpara LCCDE

|H(eT“))? = H(e/*)H"(e/")

= H(Z)H.(l/z‘)%z:ef“

M
H(l —az’h)

Ho = (2) 55—

[Ta-az

k=1

M
| J ()
k=1

m(3)= ()5 —

[T -4z
k=1
e Av utropoupe ato 1o TTAATOG va
Bpoupue TNV atékpion
OUCTAMOTOG TOTE UTTOPOUUE VO
Bpoupue kal TN eaon

Biomedical Imaging and Applied Optics Laboratory
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C(z) = H(z)H*(1/z7)
M
B | (LTl (O o9
_ ([2). kl_I:l kZ 1'%4
ay N
[T0 —diz™h1 - g2

k=1

e Tl6Aor: dyand (df)!
« Mndevikd: cxand(c})~!

* Av 10 oUOTNWA gival AITIATO Kal

oT00epd

» [6Aor péoa amré 1o povadiaio

KUKAO
* Mndevikd;

i

Xxéon MAdToug Pdong yia
2uotAuata LCCDE

C(2) = H(z)H*(1/z")
Sm =-plane

Unit circle
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"Bl

21 -z ")1+05z")

(@) = Gg ey (1 —08e 7T

S

Unit circle

- plane

f X\L
|/

A=-z")1+2z")

M3 = g ez Ty (1 = 08e 7774z Ty

dm

Unit circle

z-plane
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» ZuoTtjpara AiéAeuong (All-
pass Systems)

* [eviki Mopopn

dm
Ll
g
Hyp(2) = T—art
; e~je _ g* 1 —a*el
H, Joy = — = g~ @ .
w(e™) 1 —ae /= T geie
|Hap(9jw){ =1
e Zelyn TTOAWV Kal PNOEVIKWV

T — ez — )

M, ' —d, M,
H, =A
p(z) kl;[l 1—dyz-! kl:Il(]

—ez (1 —efz!)

21 Biomedical Imaging and Applied Optics Laboratory

JB

XA ZuoTnudtwyv

i

Radias
. [
"
(i
R -

Ndvra +

Badian Gooucn ! -

1=
g 0
1
2 4 - v
S [ = = 3=
Radian frequency (s)
(s}
% ]
=
4 4 - -
b - - i
Radian frequency (s)
by
20 /
(515
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s
0
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» ZuoTAuarta EAdyioTng ®dong
(Minimum Phase System)

« "Eva XA 8ev ptropei va + KdaBe orjpa ytropei va avaAuBei
KaBopioTei ydvo atrd To TTAGTOG wg

= Av gival oTaBepo Kal aImiaTo TéTe H(z) = Huin(2)Hap(2)
ol TréAol gival yéoa aTo
|JOV06|Gi0 KUKAO aAAG TO . |'|X av To H(Z) éxg| éva TTOAO
pNndeviKg; €KTOG TOU povadiaiou KUKAou

e Av gival kai Ta pndevikd oTo oto z=1/e"lcl <1
povadiaio KUKAO TOTE EXOUNE
éva 00O TN TOU OTTOIOU TO H(z) = Hi(z)(z"' = ¢")

Z_] —c*
1—cz!

avTioTPOQO €ival eTTiONG

_ eyl
o1aBepo ka1 aimiard > MoAu i@ = B()(1 - e27)

XxpAoiuo!! A
. OVO}J(’}{ETGI ZUOTT]UG E)\C'IXIUTF]Q Minimum Phase All-Pass
daong
23 Biomedical Imaging and Applied Optics Laboratory
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Example 5.14 Minimum-Phase/All-Pass Decomposition

Toillustrate the decomposition of astable, causal system into the cascade of aminimum-
phase and an all-pass system, consider the two stable, causal systems specified by the
system functions

143z _
Hl(2)=L*—lff' H(z) = Hi(2)(z ! —c")
1+ 3z
N
H(z) = Hy(z)(1 = ez 25
1—cz™!
The first system function, H(z), has a pole inside the unit circle at z = — 5 but \ A )
a zero outside at z = —3. We will need to choose the appropriate all-pass system to .
reflect this zero inside the unit circle. From Eq. (5.101), we have ¢ = —}. Therefore, Minimum Phase  All-Pass
from Egs. (5.102) and (5.103), the all-pass component will be
'+
H, =,
w(2) 14§z}
and the minimum-phase component will be
1+ L0
— 3 .
Huin(2) = 3@.

1+iz71N\/ 71+
- 3 3
Hilz) = (31-*-l *1)(14—' —1)'
32 32

24 Biomedical Imaging and Applied Optics Laboratory
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* AvtioTdOuion (compensation) 6(2)
TNG ATTOKPIONG OCUXVOTNTAG | |
| Distorting Compensating] |
_Lﬁ syslem syslem —I—P
. ) sfn] | Ho(z) sl | Hoaz) [ seln]
* Agaipeon aAoiwong | I
L— —_ —— .|
» Ortav 10 cuoTnua Hy(z) dev eival )
QAVTIOTPEWIUO; H.(z)=
PEVIK H,(z)
se[n] = s[n].
* XpnoigotoioUpe cUTTNHO Hy(z) = Himin(2) Hap(2)
€AAXIOTNG PACNG
* ATTOKATAOTOOT) TOU TTAATOUG He(z) = Himin(2)
* ®don aloiwpévn KaTd TO
avTioToixo oUoTnua SIEAEUGNS G(z) = Ha(z)He(2) = Hap(2)

25 Biomedical Imaging and Applied Optics Laboratory
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* [816TNTEG ZUOTNUATWYV
EAdaxiotng ®dong (Minimum
Phase System)

* EAd&yiotn uotépnon @aong H(z) = Humin(2) Hap(2)
(minimum phase lag)

* TpooBnkn H,, - Tpdobetn ) _ )

apvnTikA @don 0w < 17 grd[H(e/*)] = grd[ Hyin(e'*)] + grd[ Hap(e’®)]

arg| H(e/®)] = arg[ Humin(e'*)] + arg| Hap(e'®)].

e EAd&yiotn opadikr) kaBuoTépnon
(minimum group delay)
* MpooBnkn H,, > mpdobetn
BeTikng (TTavta) GD

* EAd&yioTn koBuoTépnon
evépyelag (minimum energy
delay)

26 Biomedical Imaging and Applied Optics Laboratory
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* [paUMIKA CUCTAPATA PE YEVIKA
YPOMUIKA @don (generalized
linear phase)

e [pappik @4acn = atin

» [evikA ypapuIkr @don

PETATOTTION GTO XPOVO H(e™) = A(e/)emie=t
* aKal B oTaBepég
* 1davikd Babutrepatod (lowpass) « A(el®) Tpaypariké
QIATPO pE YPaUIKA @don
Hig(e!®) = e~/*", lowl < m, arg[H(e")] =p—wa, O<w<n
[Higle™)| =1, 7(w) = grd[H(e'™)] = -ﬁfﬂrglh’(e”m =a

<Hig(e') = —wa,
grd[Hig(e!)] = a.
sinw(n —«a)

-0 <N <00
a(n—a) '

hialn] =
a =y,
h;d[n] = 5[" - nd]

vln] = x[n] * 8[n — n4] = x[n — na.

27
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Center of
T symmelry

* [paPMIKA CUCTAPATA PE YEVIKA

L
YPOMUIKA @don (generalized l[ I I I I
linear phase) . - ——
e Amard XuoTthpata E)

h[n] =0, n<0 | ~ Center of
T svmmetry
I
_ [hM-n], O<n=M, ! |
hin] = {0, otherwise, !
H(e'”) = A(e/)e/wM? ! 7 v !
(b)
_ —h[M - n], 0 =n=M, Center of
h[n] - { 0. otherwise. 1 "--" symmetry
H(el®) = jA(e/®)e M2 = A (el*)e 1M in/2 w2
0 i l n
|
: 1
()
Center of
1% " symmetry
. I M=1

I
I
b
I

"l - . . - .
l n
1
Ll
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500
* FPAUMIKA CUCTAMATO ME YEVIKNA
YPOUMIKA @don (generalized 3
- 25
linear phase) 5
* TuTou | =T
« Meven, h[n] = h[M-n] 5 - - e T
Example 5.17 Type | Linear-Phase System S ld
If the impulse response is +
OG=z=n=4, i
hln) = {0 otherwise, T
as shown in Figure 5.36(a), the system satisfies the condition of Eq. (5.148). The fre- H '
quency response is E
3
5 P T L—eie® =2
Hiel<) = )_‘e - == I_
= . (3.156) - 1 1 1
_ mju? sin{Se/2) o : w :' in
- sinje/2) © Radunfregeoncy (w)
The magnitude, phase, and group delay of the system are shown in Figure 5.37. Sinee L
M = 4is even, the group delay is an integer, ie.o = 2. 4
| Centerof
e sty ik
1 .
LI
a A M=4 " -
Flgure 5.37  Frequency response of type | system of Example 5.17. (a) Magnitude. T
(b} Phase. (c) Group delay.
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Example 5.18 Type Il Linear-Phase System @)
1f the length of the impulse resg of the previ ded by one sam- *
ple. we obtain the impulse response MFI]ulc 5.36(b), w'hwh has frequeney response
o rusys Sin(3e) L
H{e!™) = ¢~ Snler2) {5.157) % .
The frequency-response funetions for this system are shown in Figure 538, Note that =
the group delay in this case is constant witha = 5/2. 2
4 I I 1
0 e - i 2
o _ Center of 2 Radian frequency (w) 2
r- aymmetny ®)
1 ! 4
[TLIT]
1 2
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Figure 5.38 Frequency response of type Il system of Example 5.18. T
(a) Magnitude. (b) Phase. (c) Group delay. ‘ ‘ ‘
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Example 5.19 Type lll Linear-Phase System
If the impulse response is
) K] = d[n] - 8fn - 2]. (5.158)
as in Figure 5.36(c), then

Hiel) = 1 — e/t 5150
= f[2 sin{w)]e ", (3159

The frequency-response plots for this example are given in Figure 5,39, Note
that the group delay in this case is constant with e = 1.

Center of
| T symmetry

Figure 5.39 Frequency response of type 1l system of Example 5.19. (a) Magni-
tude. (b) Phase. (c) Group delay.
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Exampie 5.20 Type IV LinearPhase System

In this case (Figure 5.36(d)), the impulse response is

hin] = 8[n] — 8[n — 1]. (5.160)
for which the frequency response is
High) = ] — ¢=lo
e™) ‘ (5.161)

= j[2 sinfey2)Je =7,

The frequency response for this system is shown in Figure 5.40. Note that the group
delay is equal to } for all w.

Center of
1 = symmselry

i
M=l

01 l "
-1 .

Figure 5.40 Frequency response of type IV system of Example 5.20.
(a) Magnitude. (b) Phase. {c) Group delay.
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