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MeTAOXNUATIOMOG Z %k

* To avTioTOIXO TOU
METAOXNMATIOHMOU Laplace oTo

O1aKpPITO XpOVO

* AvAaAuon YPOUMIKWY CUCTNUATWYV
OIaKPITOU XpOVOoU $m z-plane

z=e/®

® Mq)AT Unit circle
X(ejm) — Z x[n]e-jum ?/X
e METOGYXNHATIONOC Z \Jl Re

X()= Y x[n)z™

n=—90o00
X
X(rej"") = Z x[n](re"‘")-"
——— * [lou gival Ta w=0, T, -TT;

, , « Ti oag Aéel TO oxAua yia
* 2ZXnuatika oTo Tedio z (z plane) TNV TIEPIOSIKATNTA TOU

* Na|z|=1 > MOAT MOAT;
« MOAT - Mz o10 povadiaio KUKAO
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 Meproxn ZuykAiong (Region of
Convergence — ROC)
* [a va ytropei va uttoAoyioTei 0 Mz TTpéTTel

> Ixlalliz™ < oo

n=-—0c

Z jx[r)r " < >

n=—0

» [lepioxn ZuykAiong (Region of Convergence
— ROC)
« OAa 1a z yia Ta otToia I0XUEI TO TTIO TTAVW
« ECaptdaTal ammd 1o r > OPOKeVTPOI KUKAOI
*  Mropei va repIAapBavel kai Tnv apxn (origin)

KAl TO « 2Nueiwon:
* Av mrepiAapBavel kai To r=1 TdTE UTTAPXE! Kal O Mz givai pia duvapooeipa Laurent kal
o MOAX Aapa €ival uveXNG YIA OAEG TIG TINEG MECQ
. , . , otn ROC
 AOyw TOU I"}J'ITOpEI va unap?(el oUyKAION !((]I Ti yiveran pe 10 MOAX nuitévou f
YO CUVAPTNOEIG YId TIG OTTOIEG OV OUYKAIVEI GUVNITOVOU:
o MOAX
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* Mz w¢g pnTA cuvaprtnon (rational
function)

* Mndevika (zeros) o
+ X(2)=0
* Pilec Tou P(2)
» T[16Aol (poles) x
e X(z)=
* Pilec Tou Q(2) /kal z=0, z=
* Oa doupe TTws kKabopilouv TNV ROC
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* Mapadeiypara

Example 3.1 Right-Sided Exponential Sequence

Consider the signal x[n] = a™u[n]. Because it is nonzero only for n 2 0, this is an
example of a right-sided sequence. From Eq. (3.2),

o

X = Z =a"uln]z™" = i(az‘l)”.

n=-00 n=0

For convergence of X(z), we require that

o0
Z laz”!|" < o0,
n={
Thus, the region of convergence is the range of values of z for which az™!'| < 1 or,

equivalently, |z| > |al. Inside the region of convergence, the infinite series convergesto

X(Z)=Z(az")"=l . za. |z| > |al. (3.10)
n=>0

—-az7!'  z-

Here we have used the familiar formula for the sum of terms of a geometnc
series. The z-transform has a region of convergence for any finite value of [g]. The
Fourier transform of x[#n]. on the other hand, converges only if (a| < 1. Fora = 1, x[n]
is the unit step sequence with z-transform

X(z)=

o >l (3.11)

Optical Diagnostics Laboratory



MeTAOXNUATIOMOG Z

* Mapadeiypara

Example 3.2 Left-Sided Exponential Sequence

Now let x[1] = —a™u[-n - 1]. Since the sequence is nonzero only for n < —1, this is
a lefi-sided sequence. Then

o0

-1
X == 3 dulen -1l = o 3 e

o e (3.12)
o o0
== @ =1-3 @'
n=1 n=0
If la~'2 < 1 or, equivalently, |zl < |a|, the sum in Eq. (3.12) converges, and
1 1 z
X()=1- _ _ ‘ | .
(@)=1 1-a'z l1-az7' z—a 2] < laf (3.13)
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* Mapadeiypara

Examplie 3.2 Sum of Two Exponential Sequences

Consider a signal that is the sum of two real exponentials:

x[n) = (3)" uln] + {-1)" u[n). (3.14)
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* Mapadeiypara

Example 3.5 Two-Sided Exponential Sequence

Consider the sequence

x[n) = (=1)"uln) - ()" wl~n —1]. (3.20)
Note that this sequence grows exponentially as n — —o0. Using the general result of
Exampie 3.1 witha = —%, we obtain
1yn Z L 1
—3) | e—> ————, 1z] > 3.
and using the result of Example 3.2 witha = i yields
n z l
_(%) u[—n—l]4—>1_£z_|. |2l < 3
Thus, by the linearity of the z-transform.
X(@) = — 4 $<lil Hl<}
Taele Do 3k R
] (321)
2(1-§H<') __2z2(z- )

TR T @ E-D
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TABLE3.1 SOME COMMON 2-TRANSFORM PAIRS
Sequence Transform ROC
1. 8[x] 1 Allz
2. uln) ! lz| > 1
1-z7t
1
3. ~u[-n—-1] o |2l <1
4. §[n — m) ™ All zexcept 0 {if m > 0)
orx (if m < 0)
|
5. @"uln) T2z 12l > la)
1
6. ~a"ul-n—1) = 12| < laf
-1
7. na"u[n) a _aiz-l)z Iz > |a]
-1
8. -na"u{-n-1] (—1-5227)2 |17 < [a
1 — [coswg)z™?
9. [coswpn]u[n) T Reosagle ' ¥ 27 1z} > 1
. [sin wq)z-!
, 1
10. (sin won]u[r] T cosmolrT + 22 1zl >
1 —[rcoswp)z?
n
11. [r" cos wonjuln] = [2r coswale! + r2i? (2l > 7
. [r sin wo)z™?
12. [r” sin won]u(n] T [2r cosaalz— 41722 2l >r
a". 0<nsN=1, 1-a¥z¥
13. { 0. otherwise 1-az"} 121> 0
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* 1810TNTEG TNG TTEPIOXNG OUYKAIONG

rrOPERTY 1: The ROC is a ring or disk in the z-plane centered at the origin: i.e..
O0<rp<|2l <rg<oc.

vrROPERTY 2: The Fourier transform of x[n] converges absolutely if and only if
the ROC of the z-transform of x[n] includes the unit circle.

pROPERTY 3: The ROC cannot contain any poles.

prROPERTY 4:  If x[n]isafinite-duration sequence, 1.e.. a sequence thatis zero except
in a finite interval —oo < N} < n < N, < oo, thenthe ROC is the entire z-plane,
except possibly z=0o0r z = o0,

pROPERTY 5: If x[n)] is a right-sided sequence, i.e., a sequence that is zero for
n < N| < oo, the ROC extends outward from the outermost (i.e., largest
magnitude) finite pole in X(z) to {and possibly including) z = oo.

PROPERTY 6: If x[n] is a left-sided sequence, i.e., a sequence that is zero for n >
N; > —o0, the ROC extends inward from the innermost (smallest magnitude)
nonzero pole in X (z) to (and possibly including) z = 0.

PROPERTY 7: A two-sided sequence is an infinite-duration sequence that is neither

of a ring in the z-plane, bounded on the interior and exterior by a pole and,
consistent with property 3, not containing any poles.

PROPERTY 8: The ROC must be a connected region.

Figure 3.10 Examples of four z- transforms with the same pole-zero locations,

illustrating the different possibilities for the region of convergence. Each ROC

corresponds to a different sequence: (b) to a right-sided sequence, (c) to a left-
10 sided sequence, (d) to a two-sided sequence, and (e) to a two-sided sequence.
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* [lapdadeiyua

Example 3.7 Stability, Causality, and the ROC

11

Consider a system with impulse response k[n] for which the z-transform H(z) has the
pole-zero plot shown in Figure 3.11. There are three possible ROC's consistent with
properties 1-8 that can be associated with this pole-zero plot. However. if we state
in addition that the system is stable (or equivalently, that h[n] is absolutely summable
and therefore has a Fourier transform), then the ROC must include the unit circle.
Thus, stability of the system and properties 1-8 imply that the ROC is the region
} < |z) < 2. Nole that as a consequence, k[n] is two sided, and therefore, the system
is not causal.

If we state instead that the system is causal, and (herefore that A[n) is right sided,
then property 5 would require that the ROC be the region |z| > 2. Under this

condition. the system would not be stabie; i.e., for this specific pole-zero plot, there is
no ROC that would imply that the system is both stable and causal.
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* AvTtioTpo@og Mz  Me EmT@swpnon (By
Inspection)
. Mé6o50! * Me tn BonBeia Tou lNMivaka 3.1
. ( ' 1
Me Enleewpnon (By Ins:,pectlon) X(z) = (1 — _1) ‘ 7> L
« Mg Avamtuén oe Mepikd _ 2=
KAdoparta (By Partial Fraction xn] = (3)" uln]
Expansion)
* Mg AvaTtrtugn o Auvapooeipa X(2) = ( 11 ) ‘ 1zl > }
(By Power Series Expansion) 1—327!

x{n) = ()" u[~n — 1]
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* Mg Avarrtuén oe Mepika KAaopuarta (By Partial Fraction

Expansion)
M M M
Zbkz"‘ ZNZkaM*k HU —exz )
k=0 k=0 _ b e
X(Z) - N - N - a_o N
Zakz‘* M E a2V X H(l —dez™
k=0 k=0 k=l
M< N
N Ay
— Av=(1—-diz"HX
X(z) g e y=(1-dz X _,
M-N N A
X(@)= z; B,z + ) =
= k=|
B 1 PP
Cn = Gy (el 7 X7

w=d; 1
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* Ti onuaivouv Ta KAGopata

* METATOTTIOPEVEC KPOUOTIKEC
OUVAPTAOEIC

(di)"uln]or —(di)'u[-n—1]

o EkOeTikG. AANG, TTOIO EKOETIKA:;

(d )Y u[n)if |di| < rg
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* Mapadeiypa

1+2z71 4 272 (1+z7')

T 1-3zV+ )z 2 (1~} -7y

-1 4571

X(Z): (]—%z-l)(l—z'l)

12l > 1
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xa\

« Mg Avarrtugn o€ Auvapooelpd (By Power Series Expansion)

oo
X(2) = Z x[n]z™"
H=-00
=+ x[~2)22 + x[-1]z + x[0] + x[1]z7 + x[2]272 + ---
3[n ~ m] z " All zexceptQ (if m > ()

or oo {if m < 0)
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* Mapadeiyua

x[n]

n= -2,
n=-1,
n=0,
n=1,

otherwise.

* Mapadeiyua

l+az'+a%z %+ ..

1—az! |1
1-az!
az!
az™! —azz‘z
)
a-z

Optical Diagnostics Laboratory



MeTAOXNUATIOMOG Z

TABLE 3.2 SOME z-TRANSFORM PROPERTIES

Section
Reference Sequence Transform ROC
x[n] X(2) R;
x([n] Xi(2) Ry
12["] XZ(Z) sz

341 axy[n] + bxa|n] aXi1(z) + bX2(2) Contains Ry N Ry,

342 x[n — np) 7 X(2) R, except for the possible
addition or deletion of
the origin or co

343 zpx[n) X(z/z0) 1zol Rx

344 nx[n) —z@ R, except for the possible

¢ addition or deletion of
the origin or co

34.5 x*[n] X*(z%) R

Re{x[n]} %[X(z) + X*zM)] Contains R,
Jm(x[n]} ZL[X(z) - X*(z*)] Contains R,
]

346 x*[-n] X*(1/z%) 1/R,

347 xi[n] * x2[n] X1 () X2(2) Contains R,, N R,,

348 Initial-value theorem:

x[n]=0. n<0O lim X(2) = x[0]
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* Mapadeiyparta

Example 3.15 Exponentlal Muitiplication

Starting with the transform pair

2

1
uln] — T l2) > 1, (3.60)

we can usc the exponential multiplication property to determine the 2-transform of
x[n] = 7" cos(won)uln). (3.61)
First, x[n] is expressed as

x[n] = Hre/ Y uln] + Yre™ ) uln).

19
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* [lapadeiypaTta
Example 3.17 Second-Order Pole

As another example of the use of the differentiation property, let us determine the
z-transform of the sequence

x[n]) = na"uln] = n(a"u[n]).

From the z-transform pair of Example 3.1 and the differentiation property, it follows

that
d 1 i'
X(l’)=—2d—z (m‘;) 12| > |a| ‘
-1
az
= m. (2] > lal.
‘Therefore,
-1
z al
na"u[n] «— A=’ 1z > lal-

Example 3.18 Time-Reversed Exponential Sequence

As an example of the use of the property of time reversal, consider the sequence
x[n] = a"u[—n).
which is a lime-reversed version of a"u[n]. From the time-reversal property, it fallows
that
1 —a~lz7!

_ _ -1
X(2) = 1—-az 1-a'z-" 2l < a1

20

Optical Diagnostics Laboratory



MeTAOXNUATIOMOG Z

* [lapadeiypaTta

Example 3.19 Evaluating a Convolution Using
the z-Transform
Let x,{n] = a"u[n] and xa{n] = «[n]. The corresponding z-transforms are
= 1
— Hy=n _
X[(Z)—Za Z = l_az_]' |z|> Iaiv

n=0
and

oG
1
— -n —
n=0
If @l < 1, the z-transform of the convolution of x; [#1) with x3[n] is then

1 _ 2?
—az-DY1-z1 " (z-a)(z-1)

Y=g 2] > 1. (3.64)

The poles and zeros of Y (z) are plotied in Figure 3.14, and the region of convergence
is scen to be the overlap region. The sequence y[#n] can be oblained by determining
the inverse z-transform. Expanding Y (2} in Eq. (3.64) in a partial fraction expansion,

we get Figure 3.14 Pole-zero plot for the z-transform

1 1 a of the convolution of the

daul[n].
Y(2) = - , zl > 1. sequences u[n] an
@=1= (l—z*’ l—az") &
Therefore,
1
yin] = = (uln] - " ufn]).
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