Observers for nonlinear systems

Part II: The high-gain observer
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The high-gain construction

Letting z; denote the vector
z; = col(zi, ..., z)

the canonical form in question can be rewritten in more concise form as

21 = fl(zla Z2, Ll)
z2 = f2(£27 z3, U)
. L 1
Zno1 = foo 1( n— 17zn7u) ( )
2n = fn(,ny )
y = h(z,u).
The construction described below reposes on the following two additional
technical assumptions:
(i) each of the maps fi(z;, zj+1,u), for i =1,...,n—1, is globally Lipschitz with

respect to z;, uniformly in zi41 and u, and the map f,(z,, u) is globally Lipschitz
with respect to z,,, uniformly in u.
(i) there exist two real numbers «, 3, with 0 < o < 3, such that

a<‘— <pB, and a<‘ ‘<5, forall i=1,...,n—1

0z 41

for all z € R”, and all u € R™.

Note that the properties (i) and (ii) can be assumed without loss of generality if
it is known — a priori — that z(t) remains in a compact set C.
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The high-gain construction

The observer for (1) consists of a copy of the dynamics of (1) corrected by an
innovation term proportional to the difference between the output of (1) and the

output of the copy.

More precisely, the observer in question is a system of the form

2
2
Zn—1
Zn

in which k and ¢,—1,

= fl(zlvfzvu)‘i’ﬂcnfl(y*h(flru))
= 6(227237"!)4’”2‘:'772(}/7h(flvu))
@
= fn,l(gnfl,fn,u)+n"_1c1(y— h(21, u))
fa(2,, u) + K"co(y — h(21, u)),

Cn—2,--.,Co are design parameters.
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The high-gain construction

Define a rescaled observation error defined as
e == H"_i(zi — %), i=1,2,...,n. 3)

Appropriate calculation show that

= —c,,,lgl(t) gz(t) 0 e 0 0 e H"71F1
é& —cn—281(t) 0 g3(t) -0 0 e K" 2F,
. — K . . . . . + ..
én_1 —cagi(t) 0 0 o 00 ga(t) en—1 KFp_1
én —cogi(t) 0 0 .0 0 en Fn
(4)
in which

Fi = fi(zj(t), 2i41(1), u(t)) — £i(2;(2), Zi41(1), u(t))
fori=1,2,...,n—1 and

Fn = fa(z,(2), u(t)) — a(2,(2), u(t)).
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The high-gain construction

The terms g;(t)’s are defined as

() = oo (Go(t), ()
> (5)
gir1(t) of (z;(t), 6i(t), u(t)) fori=1,...,n—1,

0zi41
in which the §;(t)’s satisfy
6i(t) € [2i1(t), zipa (1)] -

Note that
a<lgi(t)| <B
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The high-gain construction

The error equation can be written in compact form as

é=A(t)e + F(t)

in which
—cp181(t)  &(t) 0
—cn—2g1(t) 0 gs(t)
A(t) = . . .
—c181 (t) 0 0
—cogi(t) 0 0
and

F(t) = col(s"1F1,k"2F,, ..

It can be shown that, for some L,

IF()Il < Lv/nlle]|-
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0 0
0 0
0 gn(t)
0 0

. Fn).

Observers for nonlinear systems



The high-gain construction

Alberto Isidori Observers for nonlinear systems



The high-gain construction

Lemma Consider a matrix of the form A(t) indicated above and suppose there
exists two real numbers a, 3, with 0 < o < 3, such that

a<g(t)<p forallt>0and i=1,2,...,n. (6)
Then, there is a set of real numbers ¢g, c1,...,¢h—1, a real number A > 0 and a
symmetric positive definite n X n matrix S, all depending only on « and S, such

that
SA(t) + AT ()S < —Al. (7)

As a consequence, for the Lyapunov function V(e) = e’ Se we have

V(e(t)) reT (1)[A()S + SAT (t)]e(t) + 2e7 (£)SE(t)
— (KX = 2[|S[|Lv/n) e]]?

If K is large enough, we have

IN

V(e(t)) < —aV(e(t))
for some a > 0 and hence
tI_|>r2O e(t)=0.
Theorem Consider a nonlinear system in uniform observability canonical form (1)
and an observer defined as in (2). Suppose assumptions (i) and (ii) hold. Then,
there is a choice of the coefficients cg, c1,...,ch,—1 and a value k* such that, if
K> K",

tirrgc(z;(t)ffi(t)):o foralli=1,2,...,n

for any pair of initial conditions (z(0),2(0)) € R" x R".
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